Analysis of Cake Growth in Cake Filtration:
Effect of Fine Particle Retention

Chi Tien, Renbi Bai, and B. V. Ramarao
Dept. of Chemical Engineering, National University of Singapore, Singapore 119260

Equations were derived that describe the dynamics of cake growth in cake filtration,
and methods for their solutions were developed. In deriving the equations, the mouving
boundary nature of the cake formation process and the effect of fine particle retention
were considered. It was shown that fine particle retention may contribute significantly to
the decrease of cake permeability and thus alters the performance of cake filtration even
if the amount of fine particles involved is small. Through numerical examples, it was
also demonstrated that fine particle retention in filter cakes may cause serious errors in
determining the constitutive relationships from filter test data.

Introduction

Cake filtration has been practiced for a long time in engi-
neering. In cake filtration, a slurry to be treated is passed
through a medium with openings smaller than the diameters
of most of the particles present in the slurry. Separation is
accomplished by retaining particles at the surface of the
medium, leading to the formation of a cake. The cake thick-
ness increases with time. Furthermore, the cake structure may
undergo changes as a result of cake compression caused by
the drag forces acting on the retained particles by the slurry
flow. This change in cake structure, in turn, may affect the
filtration performance.

Analysis of cake filtration began with the classical work of
Ruth et al. (1933) more than half a century ago. Since that
time, a body of literature on cake filtration has been devel-
oped (for a summary, see Shirato et al., 1987). To account for
cake inhomogeneity, the use of average permeability (or spe-
cific resistance) has been adopted and empirical constitutive
equations relating the cake porosity and permeability with the
applied compressive stress have been proposed (see, e.g.,
Tiller and Yeh, 1986). An important fact to be recognized in
cake filtration is that the solids phase is also under move-
ment during the formation and development of the cake.
Tiller and Cooper (1960) derived a relation based on the
porosity change and the flow velocity variation. As shown by
Shirato et al. (1969) and by Tiller and Shirato (1964), the
variation of internal porosity and flow rate within the cakes
can sometimes be quite significant. Based on their studies,
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Tiller and Shirato (1964) proposed to modify the relation be-
tween filtrate volume and time by a correction factor.

More rigorous analyses of filtration start from the continu-
ity equations for the solid and liquid phases within the cake.
It is possible to derive a nonlinear partial differential equa-
tion relating the cake solidosity with solid pressure (see, e.g.,
Wakeman, 1978). A derivation of the equations of cake filtra-
tion from multiphase flow models as well as the validity of
various approximate theories have been provided by Willis et
al. (1991). A continuum analysis of the cake filtration prob-
lem and comparisons with experimental data on filtration of
solka-flocs were given by Chase (1989). More recently, Sta-
matakis and Tien (1991) presented a numerical solution of
cake growth taking into account both solid and liquid flow,
variations of cake porosity and permeability, and the moving
boundary nature of the problem.

In actual filtration, the sizes of the particles present in a
suspension often cover a wide range. While the majority of
the particles are retained to form a cake, a small amount of
finer ones may penetrate into the cake. The permeability of a
cake therefore depends upon the extent of the compression
to which it is subject, as well as the amount of fines retained
within the cake. Conventional cake theories, in general, have
failed to consider the effect of fine particle retention.

In predicting cake filtration performance, ignoring the ef-
fect of fine particle retention may lead to an overestimation
of the compression effect on cake permeability since a small
amount of fine retention may significantly clog a cake. On
the other hand, in determining constitutive relationships from
experimental filter data, unless the effect of fine particle re-
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tention is properly accounted for, the resulting relationship
could be in serious error.

This work presents a rigorous analysis of cake filtration
which considers the effect of fine particle retention within
the cake formed. A numerical algorithm was developed for
the solution of the governing equations. As part of the work,
an example is also presented to illustrate the errors in consti-
tutive relationships if experimental data were interpreted
without considering the effect of fine particle retention.

Analysis
Statement of problem

The problem may be stated as follows: A solid-liquid sus-
pension is passed through a septum (or a medium). The ma-
jority of particles of the suspension are too large to pass
through the medium. Consequently, they become retained at
the medium surface to form a cake. This cake grows in thick-
ness and is compressed. It also functions as a granular filter
and retains some of the finer particles as they flow through
the cake. Both compression and fine particle retention within
the cake tend to decrease the cake permeability. The analysis
is aimed at examining this problem in a rigorous way.

Assumptions

The following assumptions are used in formulating the
analysis:

(a) The suspended particles will be considered to be of two
types: Type 1 with diameter d,,; which, because of its size, is
retained completely at the cake-slurry interface (or at the
septum surface initially), and Type 2 with diameter d ,,, which
penetrates into the cake but may be retained within the cake.
The type 1 particle concentration is much greater than that
of particles of type 2. Based on particle deposition considera-
tions (Tien, 1989), d,,,/d,, < 10 L

(b) The formation of a cake from suspension is character-
ized by a threshold value of the volume fraction of particles.
In other words, at the slurry-cake interface, there is a discon-
tinuity.

(c) The coordinate system used is shown in Figure 1.

(d) The slurry flow is unidirectional, with particle and lig-
uid velocities being the same.

(e) There is no particle retention within the septum.

The various relevant quantities used in the analysis are:
The particle concentrations of the suspension are repre-
sented as volume of particles per unit volume of suspension.
¢, ¢,, and ¢, denote respectively the total particle, type 1
particle and type 2 particle concentrations. By definition

c=c¢y+c, (1)
Alternatively, these particle concentrations may be expressed
as volume of particles per unit volume of the suspending lig-
uid, denoted as n, n,, and n, and

n=n,+n, (2)
The relationships between the ns and cs are: (noting n, <
n; <1
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Figure 1. Cake filtration and the coordinate system used
in the analysis.
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c,=n/+n +ny)=n/(1+n))

cy=ny/(t+n, +n)=n,/(1+n,)

For suspensions flowing through the cake, since particles
of type 1 are completely retained at the cake-slurry interface,
one has

(5)

c;=n=0
and

=, 6)
To characterize the cake structure, the cake porosity € is
defined as the volume of the void space per unit volume of
cake. The solidosity e, is defined as the fraction of solids per
unit volume of cake. ¢, is given as
e=1-¢ (N
Since particles are of two types, let €, and €, denote the
volume fractions of particles of type 1 and type 2 respec-
tively. €,,, €., and ¢, are related by the equation

€ =€, + €, (8)
The composition of the cake may be characterized by any two
of the three quantities, €, € and e,.

For a compressible cake under formation, both liquid and
solid move toward the septum. g, and g, denote the liquid
and solid superficial velocities. g, is, in general, a small quan-
tity. However, it is a critical factor in determining the extent
of cake compression.

The pressure of the liquid phase is denoted by p. The com-
pressible stress of the solid phase due to the cumulative drag
forces exerted on the cake particles is p,. If the inertial effect
is negligible, one has

P+Ps=Po ®
where p, is the pressure at the cake-slurry interface. The
derivation of Eq. 9 can be found in Tiller and Crump (1985).
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In making the analysis, the following principles are used:

(a) Conservation equations

(b) First-order rate expression for fine particle retention

(c) Darcy’s law for the relative motion of the fluid within
the cake

(d) Constitutive relations between ¢, (or k, the local per-
meability) with p,

(e) A power-law expression between the change in k and
the extent of type 2 particle retention e,.

The basic equations describing cake growth are (in the
equations given below, it is assumed that the suspension ve-
locity and the velocity of suspending liquid through the cake
are essentially the same since the concentration of the type 2
particles ¢, is small).

Conservation Equations

(a) The conservation equation of liquid is given as

dq, Jde

s

ax at

(10)

(b) The conservation equation of solid is

dq, e

J
iy +E[(1_53)n2] Qa1

G ( )
_Z; qin,)—

(c) The conservation equation of particles of type 2 is

7 gy -—(a. 52 222 L L s eyn) 2)
PP gqse—s = 0t+at — &),

(d) The conservation equation of particles of type 2 in the
solid phase is (for cases there are more than two types of
particles present in the slurry, and d,,; > d,,, d,35 wooeery addi-
tional equations similar to Eq. 13, each with its own rate of
deposition N, i=2,3, ...):

a de€g,

S2 4N 13)
T\ % 3 C ot

where N is the rate of deposition of particles of type 2 per
unit volume of cake.
By combining Eq. 12 with Eq. 13, one has

a a
~3;(q1n2)—N=5[(1—e,)n2] (14)

Similarly, one may eliminate Jde /3¢ from Egs. 10 and 11 to
give

_.(9_.( n )+@+ ‘9qs
ax 4 ax ax

d
=——l-en] )

By eliminating /3¢ [(1— €)n,] and é/0x (¢n,) from Egs.
14 and 15, one has

g
;(q,+qs)=N (16)
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which, upon integration, gives

<q,+qs)—(q,+qs)x=0=]0x1vdx (172)

At the medium surface, g, =0 and g, is the permeation ve-
locity of filtrate through the septum (or filtrate velocity), g,,,,.
Integration of Eq. 16 yields

(q,+qs)=q,m+fodex (17b)

Expression of Fine Particle Retention Rate. In deep-bed fil-
tration, the rate of retention is proportional to the product of
the suspension concentration and the suspension superficial
velocity with the proportionality constant A known as the fil-
ter coefficient (Tien, 1989). For a cake under formation, since
both the liquid and the solid phases move simultaneously, the
velocity term is now replaced by the relative liquid velocity
(with respect to solid) or

[ KLl —ﬁ]-(l—es)
1-—¢€ ¢

The expression within the parenthesis is the liquid velocity
relative to that of the solid. Multiplying the quantity by (1— ¢,)
converts the velocity to the superficial velocity. N can there-
fore be expressed as

1—¢€
N='¢]z“qs—e ~|An, (18)

s

where | | represents the absolute value.

Darcy’s Law. Darcy’s law may be used to relate the pres-
sure gradient to the liquid and solid superficial velocities g,
and g,. The expression is

k é
LR [ - (192)
1-€ € (1—e)p dx
or
k dp
esql—(l_es)qsz - € ;E (19b)
Upon rearrangement, one has
k op
g —(1-eXg+q)=—¢|—— (20)
n dx
Substituting Eq. 17b into Eq. 20, one has
k (9p X
R e +(1-€)q,, +(1- es)j(; Ndx (21)

The expression of g, can now be derived. First, from Eq. 17,
one has
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X
4=~ +qn+ [ Ndx 22)
0
Substituting Eq. 21 into Eq. 22, one has
k (9p X
=e|——1]+ + Ndx 23
qs €s( w ix ) €im esj(; ( )

The governing equations can now be obtained. First substi-
tuting Eq. 21 (expression of g,) into Eq. 10, one has

de J

at ax

k op

n dx

5

x J€
_ [q,m +f0 Ndx};; +(1-¢)N
(24)

Next substituting Eq. 18 (expression of N) into Eq. 13 yields

1—¢

(25)

€2
=T qsL)"'ql_ qs|An,

€

As discussed before, g, is the value of g, at x = 0. By defini-
tion, g,,, may be written as

k ap K, (plao)
Qm = — -/:ax 0“ Ame Plx=0
o ( le=0) (26)
——Axmu Po — DPsix=0

where Ax,, is the medium’s thickness and k,, is the medium
permeability. u is the viscosity of the liquid, and k is the
cake permeability. With ¢, and ¢,,, given, Egs. 24, 25 and 12
have ¢, €, and n, as their dependable variables since p (or
ps)or k can be expressed in terms of €, and ¢,, through the
constitutive equations and the relationship between the de-
crease of k and the extent of media clogging. This will be
discussed as follows.

Constitutive Relationships. The compressible behavior of a
filter cake may be described as

B
€S=650(1+11:—S)
4

27

where € is the cake solidosity at the zero compressive stress
state and p, is an empirical constant. For cake permeability,
one must include both the compression effect and the pres-
ence of deposited fine particles. The combination of these
two effects is (Shirato et al., 1987; Tien, 1989)

-8
k=k°(1+ﬂ) A+ a,e2) ! (28)
P4
or
[i(,(l+ alejzz)]—w=1+£’— 29)
k P4

where 6, a,, a, are empirical constants.
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Similarly, one may write

€ vB 3
3 =1+ p— (30)
€ pA
Combining the above two expressions, one has
k e\ V8
—k—o-(1+ alfél):(;‘a) 31
and
e \VP
Ps=Da (F) -1 (32)

In summary, the governing equations are therefore Eqs. 24,
25, 14, 23, 21, 26, 31, 32 and 9.
Boundary Conditions. The boundary conditions are

x=L, p,=0, € =€) (33)

k ap

m 5
=0, — =| — 34
x Axmpu(po p;) (,u dx )X=0 (34)

Slurry-cake interface conditions

The condition describing the cake growth at the interface
may be derived as follows: The particie volume fractions on
either side of the interface x = L™ (cake) and x = L* (slurry)
are € and c’. Further, all solids in the slurry may be consid-
ered to be of particles of type 1 (since n? > n9) in cake for-
mation. Over a time interval &¢ the cake thickness is in-
creased by 8L. Mass balances of liquid and solids yield

(q;; — 1908t = 6L{(1- €)= (1- ¢ liquid balance (35a)

(q,; — gs0) 8t = SL[ € — c°] solid balance  (35b)

where ¢, and g, denote, respectively, the liquid superficial
velocity on the cake and slurry side at the interface. g,; and
q,o are the solid superficial velocity similarly defined.

By adding Eq. 35a to Eq. 35b, one has

(g1 + q5) =(qup + q50) (36)
On account of Eq. 17b, one has
Gt Q= Qo+ 0o =G+ | " N (7
From Eq. 35a, one may obtain
f_l_4=‘hi_‘ho (38)

dt —¢’

By applying Darcy’s law, namely Eq. 19a at the septum sur-
face (x = 0) and at the cake-slurry interface (x = L), one has
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k ¢
q,m=—(——’i) (39)
0

M ox

1—¢€? k dp

9=~ ( e (40)
q,; therefore can be expressed as
0

€, k op
0= | == 41
G 1"‘650 [qll (M ax)L_} ( )

Substituting Egs. 39 and 41 into 37, one has

el k ¢ k op L
wrrlae(22) oo (A2)
1-¢'| pox /- Brax/|, Jo

(42a)

Solving for g,;, one has
k ap o k op os (L
q;=-€l—— -(1-e)|—— +(1-—es)f Ndx
Boox ), - mdx /g 0
(42b)

In the slurry phase, particles and liquids move at the same
velocity, one has

[4
9o 5 (43)
i l-c¢
or
< (44)
450 = 10 1— CO

Substituting the above expression into Eq. 37 and solving for
q1, one has

k9
q,0=—(1-c°)(——‘1) +@-c["Nae  4s)
B ax J, 0

To obtain g, — g,,, subtract Eq. 45 from Eq. 42b,

ko ko
‘In_qlo=_5s0(“"‘p‘) +(€SO—CO)(——p-)
moax ;- max /,

~(e2=c® [" Nax  (46)
0

Substituting the above expression into Eq. 38, one has

dL el (k o"p)

k é
—(——5) + [* Nax @1
0 0
The initial condition is

t=0, L=0 (48)
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Numerical Solution

The system of Eqgs. 24, 25, 14, 21, 23 and 26 with boundary
conditions of Eqgs. 33 and 34 over the spatial domain of 0 < x
< L(t) together with the constitutive relationships (Egs. 31
and 32) and the cake growth expressions of Egs. 47 and 48
describe cake formation and growth. The dependent vari-
ables are p;, p,, €,, €., n, which are functions of x and ¢,
and g,,, which is a function of time (for the constant pressure
case).

A subroutine DO3PCF from NAG Fortran Library (Mark
16) was used to solve the system of equations. DO3PCF Sub-
routine was developed for systems of partial differential
equations (PDEs) of the following form

Mo Gy oR,
> P +0;=

i=1 j? ax

(i=1,2,..., M) (49)

where x and ¢ are the spatial and time variables. P;;, Q, and
R, are functions of x, ¢, U and U, where U is the set of
solution values of Uj, and the vector U, is its partial deriva-
tive with respect to x. Furthermore, F;;, O, and R, must not
depend on dU/9t. M is the number of PDEs. This subrou-
tine uses the method of lines to reduce the PDEs to a system
of ordinary differential equations. The boundary conditions
required by DO3PCF are of the form

B.(x,HOR,(x,t,UU) =y (x,t,UU) (i=1,2, ..., M)
(50)

The integration is carried out from ¢, to ¢, over the spatial
interval a < x <b.

Transformation of the governing equations

In order to use DO3PCF, it is necessary to transform Eqgs.
24, 25 and 14 into the form of Eq. 49. From Egs. 31 and 32,
one has

k o k° e \\1- 878 _, J€
B Y 11+ ae) ' 2 (51)
M Ox uB \e dx

To immobilize the moving boundary (i.e., the cake-slurry
interface), a new independent variable 7 is introduced to re-
place x. n is defined as

n=x/L (52)

The final forms of equations used in the numerical solution
are

(96v 1 dL Ly ais
e =+ - [T Ndn | — -(1-€,)N
at L (T’ di 9im _/(; d"l) ‘91] ( es)
1 9 |k, (€ 107 | 9€,
=— | —— 1+ a3y el
L? on| 1B ( SO) (+ e on 3
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de,, 1 dL
n—-+t Qim- sZ)N

Ln (?ESZ
Nd
at dr ") 3

1 k0 € (1-38)/8 | €,
= —2— ZPaf S € e, ,(1+ ae3) l (54)
L uB \ € n
(9£s 0712 1 dL Ly
Y "65)—'87—“( PRELE Ndn)
an o€,
x[(l—es) —n,— ]+[1+n2(1 €)IN
an an
1 @ kopA € -8/ _, O
=—P—§;)[ /.Lﬁ (—E) n2(1+ (11630(:) (9_17 (55)
Comparing above expressions with Eq. 53, P,;, Q; and R, are
found to be
P=1, P,=0, P;=0 (56)
P, =0, Py,=1, P,;=0 (57
Py=—n,, P;=0 Py=1-¢ (58)
L, L"fwd 6 (- e)N (59)
= — - — _ —
Ql L d[ Gim- n ‘97’ €
1( dL L7 J€,,
=—— Nd - —€-,)N (6
107 ( i + Gim- f 77) o €-)N (60)
1( dL L an, Je,
=——{n— N 1-€¢)——n,
Q3 L (77 dt Aim f d‘f]) [( es) 3 n, (977
+{1+n,(1-€)IN (61)
1 k%, (e ' 7% _y €
T LB (T) (reed) 5 62
1 k° e 18" _, O€,
2Tz #ZA(?) 6 eI+ ae5)” ' — (63)
1k° e\ Je,
R3=——Zﬁ ) n2(1+ 0(1650‘3)_1‘_; (64)
L* uB \ ¢ In

Boundary conditions

(a) Constant Rate Filtration. To meet the format of Eq. 50,
Eq. 26 is rewritten as

5 278 -1 &Es
—-—) €11+ ae%) o (65)

€
According to Eq. 50 and Eq. 62, the boundary conditions of
Eq. 53 are

(66a)

at 77=09 Bl=l = —qlm'es/L

n=1, B;=0 y,=¢—¢€ (66b)
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For Eq. 54, it is assumed that there is no retention of type 2

particles at the cake-slurry interface (n = 0). Thus, the
boundary conditions of Eq. 54 are

atn= 05 B2 =1 Y2= T qlm'esE/L (678)

n=1, B,=0 y,=¢; (67b)

For the boundary conditions of Eq. 55, the concentration of
type 2 particles n, at the cake-slurry interface can be as-
sumed to be n9, i.e., the concentration of d,, in the slurry.
To derive the boundary condition at the cake-media inter-
face, one may apply the general rate equation in deep bed
filtration to the present case, or

an,
= An, (68)
an

Integrating the above equation, one has

n»=("2)n=<)=n(2’eXP(“Lfl/\dn) (69)
0
Therefore, the boundary conditions of Eq. 55 are
atn=0, By3=0 y3=n,—(ny)y -y (70a)
n=1, B3=0 yy=n,—n) (70b)

(b) Constant Pressure Filtration. The boundary conditions
for the constant pressure case are the same as those of the
constant rate case, except that g,,, is now given by Eq. 26.

The following expression is used for the local filter coeffi-

cient of Type 2 particles
B'e;; 1- €52
1€ 1€

where A, is the initial value of A (i.e., when there is no re-
tained type 2 particles) and B’ is an empirical constant. As
an empirical expression, Eq. 68 has been found applicable in
representing filter coefficient data (see Tien, 1989).

(7D

)\=A0(1+

Initialization of the numerical solution

To initiate the numerical solution, the following procedure
may be used.

For time up to ¢, ¢, is an arbitrarily small value, the cake
formed may be considered to be incompressible. Conse-
quently, one may assume that g, = (. Equation 18 becomes

1-¢

N=\g9—q,—

An, = q,An, 72)

S

During the period 0 <t <{,, €, may be assumed negligi-
ble. From Eq. 71, A may be approximated to be A,. Integrat-
ing Eq. 68 from x = x to x = L yields

e_)‘n(l«_«\')

(73)

n,=n
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The rate of filtration, during this interval, can be found
from Egs. 73 and 72, or

N =gl Agnde= Aot =% (74
If the cake is incompressible, g, = 0. From Eq. 16, one has

a
ﬁ:N:ql/\Onge_'\o(L_l’) (75)
ax

The integrated form of Eq. 75 is
gy = Gume "D (76)
The rate of filtration N is therefore
N = ge ™80 =) pd e~ do(L =) (77)
The integrated form of Eq. 16 is

X
@ =qm+ fo Ndx (78)

From Egs. 78 and 21, one has

k op
Q== (79)
n dx
Combining Eqs. 79 and 76 yields
E ﬁps =ql e_"(z)g—AOL(erx_l) (80)
w ox i
To obtain the profile of p,, one may rewrite Eq. 80 as
ap
_l—; axs = qlmf(x) (81)
where
flx)=emremoben -y (82)

Since the cake thickness is thin, f(x) may be approximated
by Taylor series as

f(x)=1-nrge *olx (83)

Substituting Eqs. 28 and 83 into Eq. 81 and noting €, =0,
one has

ko p,\"%dp,
— 1+ = = 1—n%A,e 2oL 84
L ( PA) ax Gim(1—n3hge™ % )x  (84)

Integrating the above expression across the cake yields
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1
= q,m(L - Eng /\Oe"‘“LLZ) (85)

where p,,, is the value of p, at x =0 (i.e.,, medium surface).
Equation 85 gives the relationship between L and p,,,.
Also for small time, with cake being incompressible, namely
€, = €0 = constant and negligible retention, the cake thick-
ness for the constant pressure and constant rate cases are

%, RK° o
== —(po— P,,n) for constant pressure filtration
€ —¢c' u
(86a)
c, o
L=—%—%9, for constant rate filtration
€ ~C

5

(86b)

The.compressive stress profile across the cake can be found
from the integration of Eq. 84 [from x = x to x = L] together
with Eq. 85 as

1-3 1-8 1-8
(1+ﬂ) =(1+p”") - (1+p"") -1|n @&D
P4y P4 P4

To initiate the numerical solution, the values of L and p,,,
are found from the solutions of Eqgs. 85 and 86. Once p,,, is
known, the values of p, as a function of 1 can be found from
Eq. 87. The corresponding values of €, can be determined
from the constitutive equation of Eq. 24 once the values of p,
are known. n, can be found from Eq. 73 while ¢, is assumed
to be negligible.

Computer Programs

Fortran programs calling DO3PCEF to solve the set of equa-
tions for cake filtration were written. The programs first cal-
culated the initial profiles of ¢, €,,, n,, p, and the value of
L at t,. Subroutine DO3PCF was then called to solve the sys-
tem of PDEs for the new profiles of ¢, €, n, and p; at ¢,
(t, =1ty + At). The cake thickness L at ¢, was determined as

0 =1

5 ¥ amAt (88)

1=t

5
L =
O, -, —c

where c? is the solid fraction of particles of d 1 in the slurry,
and (U1),; and (U2),, are given as

wn,=[ " (&) dn (89)

w2, =[ " (e)y,dm (90)

The cake growth rate dL/dt at ¢, was calculated from Eq.
47, ie.
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dL N
( dt )[] - GSO_CO

(el ] AGEE
;L&XL-II ”’ax()tl

+[ LNdx] 91)
4]

f

The spatial derivative (dp/dx), - at t; in Eq. 91 was ap-
proximated by a five-point backward finite difference approx-
imation as

op L Bpm—4)—16p.(m=3)
(E)L-_ 1245 P s

+36p,(m—~2)—48p (m—-1)+25p(m)] (92)

where m is the number of mesh points in the spatial direc-
tion, Ax =L/m is the corresponding spatial interval, and
p,(m) denotes the compressive stress at the cake-slurry inter-
face at ¢,.

To calculate the third term on the righthand side of Eq. 91
at ¢, from Eqgs. 18 and 19a

k op 1 k ap,
-— Ay = —— 93
JT, "2 L p o "2 ©3)
At each mesh point j (j=0, 1, ...... , m) at time t,, dp,/dn

was evaluated by the two-point forward finite difference ap-
proximation (for j = 0), or the two-point backward finite dif-
ference approximation (for j =m) or the three-point central
finite difference approximation (for j # 0 and m). Then the
values of N; (=01, ... , m) at time ¢, was calculated
according to Eq. 93 (noting that A is defined by Eq. 71). Fi-
nally, the Simpson integration rule was used to obtain the
value of integral, [fNdx, which, in turn, gave the value of
dL/dt.

With the profiles of ¢, €,, n,, p, and the values of L and
dL/dt known at ¢, subroutine DO3PCF was once again called
to give the new profiles of ¢, €,,, #, and p, at ¢,. Then the
same procedure above was followed to obtain the values of L
and dL/dt at t,. This procedure was repeated until the final
time ¢ specified in the numerical calculation was reached.

Sample Calculation Resuits

A number of sample calculations were made under both
constant-rate and constant pressure modes of operation. The
sample calculation results include cake thickness L, filtration

Table 1. Parameters and their Values Used in Sample

Calculation
€l 0.269 ¢’ 1020
5 0.49 o |01s
B 0.09 R | 100(m D
. 1,200 (Pa) B |50
k0 3496510~ 15 (m2) | a; | 300
" 0.001 (Pa's) a, | 1.0
P, (const. pres.) | 900,000 (Pa) n,, | 0.05,0.01, 0.0005
i, (const. rate) | 20x107° (m¥%s'm?) | A, | 0,10, 100
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—1 4=0 m'

—2 A=10 m* 3
E 0015 —3 ;=100 m" Z
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8 o010
2
o
24 0005
Q

0.000 . . . .
0 200 400 600 300 1000

Figure 2. Predicted cake thickness vs. time.

Constant rate filtration with n%=0.05 and three different
values of Ay

rate g,,, and filtrate volume (for the constant-pressure case)
and applied pressure p, (for the constant-rate case) as func-
tions of time as well as the profiles of €, €, p,, n, and k at
various times. The values of the parameters used in the sam-
ple calculations are listed in Table 1. The sample calculation
results are summarized as follows:

Constant Rate Case. The results are shown from Figures 2
to 8. Figure 2 shows the increase of cake thickness as a func-
tion of time for three different values of A,. For a suspension
with low fine particle concentration (500 ppm), fine particle
retention does not significantly change the cake thickness al-
though a slight increase in cake thickness at high retention
rate was observed. Figure 3 gives the total solidosity profile
within the cake at different times. It can be seen that reten-
tion of fine particles may contribute substantially to e, espe-
cially at larger filtration times (say ¢ = 1,000 s). Figure 4 de-
picts the distribution of the deposited type 2 particles within
the cake. Great differences in the values of €, are seen as
the value of A, increases from 10 to 100 m~'. At small value
of ¢, the steepness of the €, profile is more pronounced at
the lower level of the cake (ie., small value of x/L). The
profile was found to approach an S shaped curve at £ = 1,000
s; indicating a slowdown of the accumulation of deposited
fine particles near the septum because of the reduction of
fine particles in the suspension flowing through the cake. In
Figure 5, the profiles of fine particle concentrations of the

™.
~
< o 058 ~
- - ™~
&g 2 o050 ~
< é ~
= 2045 SN
S =
[} Q
121 N
K] 2o 040
=S g — =0 m’
= = 035 =10 m
0301 — A=100 m!
0.25
0 02 04 06 08 1
Dimensionless Distance from Septum, x/L Di ionless Di from Sep x/L

(a) t =100 seconds (b) t = 1000 seconds

Figure 3. Predicted total solidosity profiles across the
cake.

Constant rate filtration with n9=0.05 and three different
values of Ay.
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e
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/
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0.02 N

Tt e .
0.000 == 0.00 e ~

0 02 04 06 08 1 0 02 04 06 08 1

Dimensionless Distance from Sep x/L

(a) t = 100 seconds (b) t = 1000 seconds

Figure 4. Predicted profiles of deposited fine particles
across a cake.
Constant rate filtration with n$ = 0.05 and two different val-

ues of Ag.
- 005 0.05 _
= = = I
3 T S eemmemTT .
% 0.04 L SRNPYYS S s
o (3 -

zZ - 2 /
=& 003 & o s
3 s e
& om § o0 7
& k] s
a = - g ‘ g
S oo - k=10 m £ om v -- =10 m
g — Ag=100 m g " - —Ag=100 m"
£ =1 L
S 5}
© 0 © [

0 62 04 06 08 I 0 02 04 06 08 1

Dimensionless Distance from Septum, x/L Di Jess Di from Septum, x/L

(a) t = 100 seconds (b) t = 1000 seconds

Figure 5. Predicted fine particle concentrations of the
suspension flowing through a cake.

Constant rate filtration with n3 = 0.05 and two different val-
ues of Aq.

suspension flowing through the cake are shown. With the in-
crease of ¢, the fine particle concentration profile exhibits a
more rapid decline near the septum and then levels off. This
is consistent with the results shown in the preceding figure.
As shown before, greater fine particle retention results in a
denser cake and therefore a higher value of the compressive
stress. The trend of p; is also shown in Figure 6. At x=0
and ¢ =1,000 s, for example, the value of p, for the case of
Ao =100 m~" is four times the value of that of A, =0 (i.e., no

80000 2000000
= = L=0 m
S — =0 m' o -
e . °B o & \ - A=10 m!
ar 60000 .- A=10 m ar o000 | 100
& = A=100 m ; \
£ g :
& 40000 A 4000000 \
£ F \
z & .
£ 20000 g
e «\ o
£ £
Q o [&]

Dimensionless Distance from Septum, x/L Dimensionless Distance from Septum, x/L

(a) t= 100 seconds (b) t = 1000 seconds

Figure 6. Predicted compressive stress profiles within
a cake.

Constant rate filtration with n9=0.05 and three different
values of Ag.
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6E+06 —2 3=10 m'
—3 2~100 m"
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Applied Pressure, P, (Pa)

O0E+00 = . ——
0 200 400 600 800

1000

Filtration Time (s)

Figure 7. Predicted pressure requirement vs. time.

Constant rate filtration with nJ=0.05 and three different
values of Aq.

fine particle retention). The increase in compressive stress
arises directly from the rapid increase in p, necessary to
maintain a constant rate filtration operation as shown in Fig-
ure 7. The corresponding permeability profiles are given in
Figure 8.

Constant Pressure Case. The sample calculation results of
this case are shown in Figures 9 to 15. The deposited fine
particle profiles and suspended fine particle profiles across
the cake (Figures 9 and 10, respectively) are similar to those
of the constant rate case.

Figure 11 gives the predicted cake thickness vs. time. It
shows that the cake thickness will be lower at a higher value
of Ay. In constant pressure filtration, fine particle retention
leads to a significant reduction in filtrate flux, which, in turn,
decreases the cake thickness. The predicted filtration rate vs.
time and the total filtrate volume vs. time are shown in Fig-
ures 12 and 13. The effect of fine particle retention on filtra-
tion performance is clearly indicated in these two figures. In
the constant pressure case, the total e profile displays a be-
havior different from that observed in the constant rate case.
As shown in Figure 14, e, remains relatively constant near
the cake-septum interface (x = 0) for different values of A,.

1.0E-14 10E-14
— A=0 m'

~“ o a=10 m el
£ — =100 m* & 10615
3 <
3
'é 1.0E-15 ‘E’
o o
< gl o LoB-16
& r ] I
Q [&]

1.0E-16 10817 [

0 02 04 06 08 I o0 02 04 06 08

Dimensionless Distance from Septum, x/L Dimensionless Distance from Septum, x/L

(a) t =100 seconds (b) t= 1000 seconds

Figure 8. Predicted profiles of cake permeability in a

cake.

Constant rate filtration with 73 =0.05 and three different
values of Aq.
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Figure 15. Predicted compressive stress profiles across
a cake.

Constant pressure filtration with n3 =0.05 and three dif-
ferent values of Ag.

An interesting issue concerning fine particle retention is
the significance of the permeability change induced due to
cake clogging. From Eq. 28, it can be seen that the scaled
local permeability function (k/k°) is the product of two fac-
tors. The first represents the compression effect and the sec-
ond term accounts for the effect of fine particle retention.
The relative importance of these two factors is shown in Fig-
ure 16 in which the quantities (1+ p,/p,)~°] and (1+
a, €)1, across the cake at different times are shown.

Effect of Fine Particle Concentration. The results pre-
sented above are those of a suspension with nd=0.05. As
expected, a change of the fine particle concentration impacts
significantly on filtration performance. As an indication, Fig-
ure 17 gives the pressure required vs. time of the constant
rate case and the filtrate volume vs. time of the constant
pressure case with different volumes of n3. When the values
of n3 were increased from 0.0005 to 0.05, the pressure re-
quired of the constant rate case significantly increased. Simi-
larly, the filtrate volume of the constant pressure case is
greatly reduced. It is easy to understand that with higher vol-
ume of ng, more fine particles will be retained in the cake,
hence the observed behaviors.

Evaluation of Constitutive Relationships from
Filtration /Data

We present in the following results on the determination
of constitutive relationships from filtration data to further

SE+06 o 0028
= —1 n,=0.0005 n\: —1 n?=0.0005
& —2 =001 E 002§ —2 n’=001
E SER06 1 3 n:°=0.05 0{: ~3 n=005
g o 0.015
2 4E+6 _5
& 3 KT
2 Y
2 2EH06 2 E
& 5 o005
< 1 i

0E+00 Tg' 0

= 0 200 400 600 800 1000

0 200 400 600 800 1000

Filtration Time (s) Filtration Titme (s)

(a) Constant rate case (b) Constant pressure case

Figure 17. Comparison of filtration performance at dif-
ferent values of n? with A,=100 m ",

demonstrate the effect of fine particle retention. The rela-
tionship between ¢, and p, is given by Eq. 27. In the absence
of fine particle retention, the relationship between k and p,
given by Eq. 28 reduces to

-3
k=k"(1+ﬂ)

Pa

(94)

Assuming that Egs. 27 and 94 are valid over limited ranges
of p, for all systems, determining constitutive relationships
from experimental data means the estimation of the values of
€, p4, B, k° and & which best fit the data.

Similar to any parameter search problem, one may define
an objective function ® to be

[cf,-f]’ ()

Nk

&=

it

1
where A is a measurable quantity of cake filtration (4 may
be taken to be the pressure required for constant rate filtra-
tion and the filtrate volume for constant pressure filtration).
The superscripts £ and P denote respectively the experi-
mental and predicted values. The subscript, j, refers to the
jth measurement and there are m’ data points. Parameter
search is carried out by the minimization of the object func-
tion.

The parameter search results are given in Table 2. The
parameter search results shown in the first part of Table 2
were based on the results shown in Figure 7. The three curves
of Figure 7 give the required pressure vs. time for constant

1.0 . e o
1o T rate filtration under the conditions specified in Table 1 for
08y .7 gg| 1T seoonds three cases: no particle retention, moderate particle reten-
=~ . -~ t=1000 seconds
8, 06 = 06 ;
v £
S seconds & os ; Table 2. Parameters in Constitutive Relationships Based on
< 02 = J Test Data
- -+ t=1000 seconds 02
00 S I Filtration Mode P4 ] 8 e | k°
00 02 04 06 08 10 00 02 04 06 08 10 Ag= 1,200 (0.490010.0900(0.269 |3.5%3
Constant Rate A, =10m™~! |2,942.6(0.6010/0.0902|0.2913 [3.5'5
imensionless Di Sentr Dimensionless Di from S WL
P Distance from Septum, %11 . 1°’“ i Ao = 100 m~'|2,780.1|0.6978]0.0900[0.290 |3.5°
» [+ 3 —
Flgure 16. Eff/ect)gfst!le ;amg;s (1 -::1 €52 ) b-ia-l:d (:';‘( Ao = 1,200 {0.4900(0.0900(0.269 3515
Ps/Pa) 1N EQ. 25 on the permeabllily o Constant Pressure [A, = 10m- ! |1,188.1]0.5242]0.0900]0.269 |3.5"

in the cake (A,=10, a,=30, a,=1, §=0.49,
pa=1,200).
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Ao =100 m~ 11,925 [0.6746(0.0926|0.2779{3.5"
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tion, and heavy particle retention. For the case of no fine
particle retention, the searched results were nearly identical
to those used for simulating the results (there is a small dif-
ference for k£°). On the other hand, if the two other cases of
data shown in Figure 7 were used as the basis of parameter
search and assuming that there was no fine particle reten-
tion, the parameter values obtained were significantly differ-
ent from the correct values (see values along the third and
fourth rows of Table 2). The difference is understandable
since the various parameter values must be adjusted to ac-
count for the decrease in permeability due to cake clogging
because of fine particle retention.

The results for the constant pressure case are similar. For
the parameter search of the constant pressure cases, the re-
sults shown in Figure 13 were used. For this case, based on
the results of g,,, vs. time with no fine particle retention, the
parameter search yields results which were nearly identical to
those used for generating results. The parameter values ob-
tained were found to deviate from the correct values with
slight fine particle retention and deviate significantly if the
extent of fine particle was great.

Conclusion

A rigorous analysis of cake filtration based on the multi-
phase flow theory, Darcy’s law, and the constitutive equation
relating the state of the cake with the compressive stress was
presented. The analysis considers the effects of fine particle
retention within a cake while the cake is being formed. The
fine particle retention effect was analyzed as a deep-bed fil-
tration problem with the filter coefficient considered as a
constant,

It is shown that the reduction in local permeability of a
filter cake results from two factors: cake consolidation and
cake clogging. Cake consolidation arises from the compres-
sive stress within the cake while cake clogging is caused by
the retention of fine particle. The amount of the fines in-
volved may be small; its effect on permeability, however, can
be substantial. The importance of considering the fine parti-

cle retention effect in determining the constitutive relation-
ships from test filter data was demonstrated in a sample cal-
culation.
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